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Introduction

L.ONg-range order is' a characterization of a
system of objects which exhibits; local
correlation.

One suchi system arises in substitution
Sequences Which generate infinite words.

We explore properties off suchi systems.



Substitutions

A substitution or moerphism is a function
which maps o : A* — A* where:

s the alphabet A'Is a finite set of symbols

= A* S a set o hnonempty: strings of characters
over A, satistying o(xy) = o(x) a(y).




Example 1

l'et @' be a substitution on the finite
alphabet A={a,b}, defined o(a) = ab, o(b)
= d.

o(a) ab

0%(a) = o(ab) = aba

o>(a) = o(aba) = abaab

= 0"(a) approaches abaababaabaabab..., the
Fibonaccl word.




The (Infinite) Fibonnaci Word

From) previous example, the Fibenacci
Word ISiabaababaabaabab...

0”(a) = 07 '(a) o7 4(a)

| (@) | = 1, , the n-th Fibonacci number.



The Fibonacci Base

Recall f, = f,.; + .., where ;= =1
f,=4{1,2,3,5, 8,13, 21, 34,...}

We define the Fibonacci base such that
the places are successive terms from the

Fibonacci seguence.



Seguence Bases

Take any sequence ag, dy, a,... We define
d seguence base: to' be an alternative
AUmMerations system in whichr we substitute
the terms of the seguence. for the places.

Issues off multiple representations of the
INtEGETrS.



Greedy Expansion

ihe' Greeay Algorithimfer integer
representation; s as, fiollows:

1, Choose some integer /7.and an Integer
Sequence &;.

2. FInd the greatest integer jless than m'such
that 7is a member: off Some integer
seguence.



Greedy Expansion

(Continued)
5. Repeat above, replacing 72 with 7-7 until the

chesen ji= /.
2 Iihe chesen integer /7 may: be written as the
sum of all' 7 chesen in step: 2.



Example 2

Represent /1=24as a Greedy: Expansion
ofi the Fibonaccl seguence
dn=14,2,5,5,6,...
. 21 isin a, and 21 is less than: 24.
2, 24-21=3, and 3'is In a.

5. 24=2143, and in the Eibonacci base,
24=1*21+1*3=1000100



Lazy EXpansion

The Lazy Algoritinalsorallows us to
represent Integers in a seguence base
uniguely, but requires that the integer
Seguence chosen be defined by a linear:
combination of the previous two terms.



Lazy EXpansion

(Continued)

I, Chooese some integer 7.

2, Find the Greedy Expansion of N, Using some
FECUFSIVE SEJUERnCE &

5. For a=A*a+B%a ., replace all'1 0 0 blocks
In the Greedy Expansion with 0FA B blocks.

2 Repeat 3 until ne 1 0:0 blocks remain.



Example 3

Recall the Greedy Expansion of 24 in the
Fibonaccl base, 24 =1 000 1 0'0.

1, Recall'the Fibenacci sequence, defined f;
g + .

2. Replace all'1 0/0rblocks with 01 1 blocks,
repeating until ne 1°0' 0 blocks remain.



Example 3 (Continued)

3. 24

1000100
0110011
0101111

Ihe Lazy Expansionofi 24 n the Eibonaccl base
is101111.



The Kimberling Sequence

s Define S'to be the self-generating set of
Positive Integers determined by, the finite
generating rules:

L isin S;
Iff xisIn S, then Zx.and 4x-1 are in S;
Nothing else belongs to: S.

5=1{1,2546 78 11, 12, 14 15,16, ...}



Analysis of the Kimberling
Seguence

I=5-1=4{0,1,2 556,710, 11,15 14, ..}

= /sfalso seli-generating.
0isin 7;
Iff xisin 7, then 2x + 1 and 4x+2Zare in 7/;
Nothing else belongs to: /:



Further AnalysIS

\We also note that 7, with the first term
remoyved, and reduced mod: 2 IS the infinite
Fibonacci word.

/IS also the set off Integers Whose base 2
representations contain no 0' 0 block; or the
set of valid Lazy’ Fiboenacei Representations.



Generalized Fibonacel Morphisms

Fibonacci Morphism: 6(0) = 0'1, 6(1) = 0
Generalization: 6(0) = 021, o(1) = 0.
We study positive values of n, as h=0

yields an oscillating, hen-growing
morphism.



Example 4: n=2

0(0)=001, o(1) =0.

1. |o"@) | ={1, 3, 7, 17, 41,...}, the sequence
dr=2dp 14dp

2 Write out the LLazy representations off the
Integers using the recurrence relation

determined above.



Example 4 (Continued)

0->0 /7->21

1 ->1 8->22

2->2 9->102
5->10 |10->110
4->11 |11->111
S= 22 s wl2- > A8l 2
6->20 |13->120

Note the [Lazy
representations using
P 7 7
iInclude no 0'0'or 0 1
Plocks, and naturally
fepresent INtegers in
base 3.



Example 4 (Continued)

5. Generate the set 1), the integers whose base
3 expansions donet contain a 00 or 01
block.

Ir=Ra0) 1P 245885, 61575 LI 2 2]

2, Omit the first term off 1, and the remaining
seguence reduced mod 3, then'mod 2 is the

infinite word preduced by the given
morphism 0-> 00 1, 1 -> 0.



Conjecture

[For mi greater than or equal toe 1:

1. Generate a few iterations ofi 6(0) = 071, o(1)
= (. Determine the recurrence relation
a.=A"a. 1 +B*a > WHICh represents the
lengths ofi successive iterations.

2. Write out the LLazy representations off the

INtegers using a,, defined above, and ook for:
missing blocks.



Conjecture

(Continued)

5. Generate the set off Integers Whose base /7
EXpansions do net contain the blocks found
in step 2. This is the set 7.

2 Omit the first term of 7, then reduce the set
[ mod (+.1), mod (1), ... 1od 2.

5, We arrive at our Initial infinite word.



Further Research

We believe the set S=7+1 may: be self-
denerating In a manner similar to the
Kimberling sequence.

For m greater than 2, S reduced
repetitively: in the manner of our
conjecture also generates our infinite
Word.



Further Research

We have begun work similar to
Kimberling, beginning with seli-
generating sets and finite generating
rules.

We hope to werk from self-generating
sets to morphic seguences.



Finite Generating Functions

[For any: self generating set S where:
. 1isin S

2 E a finite family of finite generating
functions ofi form akx=b, where b is between

0 and ak

3. If xI1sin' S, and some finite rule 7£is in the
family. off generating functions, then 7(x)Is in

S.



Finite Generating Functions

[For any positive integer g, It IS supposed
that S /mod e'may. be generated by a
substitution.

We analyze the tree structure of the
generating fiunctions, and search for
repetitive sub-tree structures to
determine our substitution.
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